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Understanding distributions of black holes is crucial to both astrophysics and quantum gravity.
Studying astrophysical population statistics has even been suggested as a channel to constrain black
hole formation from the quantum vacuum. Here we propose a Gedankenexperiment to show that
the non-linear properties of binary mergers (simulated with accurate surrogate models) generate an
attractor in the space of distributions. Our results show that the joint distribution of spin magnitude
and fractional mass loss evolves to a fixed point, converging in a few generations. The features of
this fixed point distribution do not depend on the choice of initial distribution. Since a black hole
merger is irreversible it produces entropy – possibly the largest source of entropy in the universe.
The fixed-point distributions are neither isothermal nor isentropic, and initially thermodynamic
states evolve away from thermality. We finally evaluate the specific entropy production rate per
merger from initially thermal and non-thermal distributions, which converges to a constant.
I. INTRODUCTION
Astrophysical black hole distributions carry a wealth
of information, encoding formation channels and the en-
vironments where progenitors lived and died [1–4]. For
example, the escape velocities of clusters may be encoded
in the upper mass gap [5]. Meanwhile, black holes also
give deep theoretical insight into quantum gravity, again
through distribution functions. Black hole thermodynam-
ics [6–8] lends weight to top-down calculations of the
microscopic degrees of freedom of quantum gravity [9, 10].
At the intersection of these two applications is the in-
triguing proposal of using astrophysical distributions to
measure or constrain the quantum microcanonical ensem-
ble of black holes [11].
The era of gravitational-wave astronomy has begun [12–
17], opening a wide range of opportunities to study the
phenomenology of gravitational interaction. Numerical
relativity (NR) simulations [18] are necessary for modeling
gravitational waveforms from binary black hole (BBH)
mergers, the dominant observational source. However,
NR simulations require substantial computational power
and time to produce accurate results, which is an obstacle
when spanning the whole seven-dimensional parameter
space of quasicircular BBH mergers. Surrogate models [19,
20] interpolate NR simulation data to compute both the
gravitational waveform and the properties of the black
hole remnant at points in parameter space even where
no NR simulations were performed. These models are
efficient enough to evaluate populations of thousands
of BBH mergers in seconds on typical desktop/laptop
computers. One application of surrogates is to study the
effects of binary mergers on the mass/spin distribution
functions of a population of black holes.
Surrogates enable us to simulate a thought experiment
on a large population of black holes where we choose initial
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spin and mass distributions. From this initial population,
we configure a set of binaries by randomly resampling
for BH pairs, and then allowing each pair to merge. The
only condition we require is that the mass ratio of each
binary is in the interval 1 ≤ q ≤ 6, where the results
of the surrogate code are proven to be accurate. We
compute both the mass and the spin of each of the rem-
nant black holes in the post-merger population using the
surrogate routines in NRSur7dq4Remnant [20], instead of
using semiempirical expressions or analytical/numerical
kludges [21–29]. We then repeat this procedure consid-
ering the remnant parameter distributions as new initial
conditions for the next iteration, again resampling for
binaries and allowing them to merge, and find the mass
and spin of every remnant in the next generation of black
holes. Hence it is possible to visualize how the spin and
mass distributions change with the number of generations.
Our results show the distributions of spin magnitudes
and relative mass ratios converge to fixed-point functions
after a few generations. We quantitatively test for con-
vergence using the Kolmogorov-Smirnov test [30] in the
marginalized distributions, finding that (a) our sampled
distributions are consistent with being drawn from the
same underlying continuous distribution; and (b) different
choices of initial mass distributions only affect the number
of generations needed to converge.
Some initial distribution functions are motivated proba-
bilistically or astrophysically. Meanwhile, the Bekenstein-
Hawking (BH) formulae for entropy and temperature [6,
31] for the Kerr solution allow us to define a population of
black holes at constant temperature (or entropy). These
distributions define isothermal (isentropic) curves in the
mass-spin plane, similar to isothermal (isentropic) curves
in a PV phase diagram for a gas in classical thermodynam-
ics. After computing the mass and spin of remnant black
holes for a few generations of binary mergers, we find
that resulting generations are not constant temperature
(entropy). This is due to the irreversibility and out-of-
equilibrium dynamics of the highly non-linear merger
process. Knowing the mass and spin of each remnant
black hole, we can compute the entropy production rate
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FIG. 1. Left: Preparation of initial conditions from distributions of spins and masses. We assume an isotropic collection of
black holes, meaning the spins are distributed uniformly in solid angle. Right: Resampling for pairs of black holes to merge, the
outcome giving a subsequent generation of black holes. From a finite sample of BHs, we can randomly form Nsamp binaries
(each BH chosen independently) to generate another Nsamp remnant BHs for the next generation.
of the distribution in each generation. Our results show
that the specific entropy produced per merger is constant
after a certain number of generations, depending on the
shape of the initial mass distribution. This disfavors the
presence of memory (in the Markov sense, not the BMS
sense) in late-generation mergers.
The layout of this paper is as follows: in Section II, we
describe in full detail the setup of our thought experiment.
In Section III, we use the setup described in the previous
section to show the existence of attractors in distribution
space. We find that arbitrary distributions of mass and
spin in a large population of black holes converge to
fixed-point distributions of spin magnitude and relative
mass ratios. For consistency, we perform the Kolmogorov-
Smirnov test showing that the distributions require a
few generations to converge. The number of generations
depends on the shape of the initial mass distribution.
In Section IV, we evaluate the evolution of samples of
black holes at constant Hawking temperature (entropy)
forming an isothermal (isentropic) state. After successive
binary mergers, we observe that the out-of-equilibrium,
non-linear nature of the merging process suppresses the
thermal features of such configurations. We also compute
the entropy production rate per merger. We discuss and
conclude in Section V.
II. THE THOUGHT EXPERIMENT
Here we describe the setup of our proposed thought
experiment to study the flow of distributions over merger
generations. The surrogate model we use [20] is built
on a seven-dimensional parameter space, consisting of
two 3-D spin vectors and the mass ratio q. This model
was trained on NR simulations in the range of mass-
ratio spanning 1 ≤ q ≤ 4, while faithfully extending
up to q ≤ 6 by extrapolation. For dimensionless spin
magnitudes χ = |~χ|, the model was built in the range
0 ≤ χ ≤ 0.8, and extrapolates reasonably up to χ ≤ 1.0.
Going to more extreme mass ratios would require either
semianalytical models [22–29, 32] or a new surrogate built
in the style of [33]. The limitations of this model inform
what choices we can make for initial distributions. We
select an initial population of black holes by assigning a
massM and dimensionless spin vector ~χ to each, sampled
from a given distribution function, as shown in the left
panel of Fig. 1. We assume spin direction is isotropically
distributed, while spin magnitude is uniform in χ. Since
the surrogate model has a constraint on the mass ratio
and spin magnitudes, we are constrained in our initial
mass and spin distributions.
Once we choose initial distribution functions, we ran-
domly sample 2Nsamp black holes, grouped into Nsamp
binaries, as depicted in the right panel of Fig. 1. After the
coalescences, these samples generate a new population
(colored in green) containing Nsamp first-generation black
holes with remnant spins χfin and masses Mfin provided
by the surrogate code. We keep the resulting mass-spin
correlation, which propagates to later generations, by tak-
ing the Nsamp samples of (Mfin, χfin) for each remnant to
be the next generation. We however discard the remnant
spin direction. The next step is to randomly resample
(possibility with repetition) another 2Nsamp black holes
into pairs, which will participate in the next generation
of mergers. We assume isotropy and thus randomize the
spin direction of each black hole sample. These pairs are
then merged, allowing the scheme to iterate for as many
generations as desired.
Let us mention that recent research [5, 16] consid-
ers selective pairings (instead of treating each BH as
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FIG. 2. Evolution of the joint distribution p(µrel, χ). The solid contours enclose 30%, 68%, and 95% of the probability mass of
the nth generation. Dashed contours are from the fixed-point distribution. Each cross in the orange diffuse cloud represents a
remnant black hole.
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FIG. 3. Evolution of the marginalized mass (left) and spin (right) distributions with generation. The initial conditions were
a Kroupa mass distribution, and uniform in the magnitude χ. The mass distribution gets narrower (in log space) with the
number of generations. There is no noticeable difference in marginalized spin distribution from the third to the fifth generation,
consistent with approaching the attractor distributions.
independent), determined by a joint probability distribu-
tion p(M1,M2). Present constraints on selective pairing
are consistent with each mass being selected indepen-
dently [16], so we do not include this in our models,
leaving it as a topic for future study. We must also add
the caveat that astrophysically, BH binaries reside in stel-
lar clusters or galaxies, and the GW kick at merger can
unbind the remnant from the host. Such a kicked remnant
would not make it into the next generation of merging
BHs. We ignore this effect in our gedankenexperiment,
because we are only interested in the invariant distribu-
tion determined by the merger dynamics, unaffected by
astrophysical environments. Further, we do not model the
more realistic scenario where BHs from multiple genera-
tions coexist in a common environment. We only model
the transition from one generation to the next, using the
generation index as a “time” variable, to understand the
flow of the probability distribution functions.
III. FIXED-POINT DISTRIBUTIONS
We now show the evolution of populations with isotropic
spins and different initial mass distributions converging to
a fixed-point distribution. We sampled from a Gaussian,
a log-normal, and a power-law distribution to simulate a
population of Nsamp = 2000 black holes. The fixed point
is a joint distribution in spin magnitude and relative mass
ratio.1 We define the relative mass ratio µrel as
µrel ≡ Mfin
Mini
, (1)
1 The surrogate code also returns the kick velocity of the remnant,
and the joint distribution of all three converges. The kick distri-
bution has low correlation with spin magnitude and mass ratio.
We leave exploration of remnant kicks for future work.
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FIG. 4. Evolution of the cumulative relative mass ratio distribution P (µrel < µ˜) (left) and spin magnitude distribution P (|~χ| < χ˜)
(right) as a function of number of generations. The initial mass distribution was the Kroupa power law, for which it takes six
generations to converge to the fixed-point. We plot the first four generations with dashed lines.
0.92 0.93 0.94 0.95 0.96
µ
0.0
0.2
0.4
0.6
0.8
1.0
P
(µ
re
l
<
µ
)
Normal initial mass
Log-normal initial mass
Power-law initial mass
FIG. 5. The cumulative distribution function of µrel is inde-
pendent of initial conditions. The same independence applies
to the cumulative spin magnitude distribution.
where Mfin is the mass of the black hole remnant and
Mini ≡ M1 + M2 is the total mass of the progenitors.
The fraction 1 − µrel gives the ratio of emitted energy
compared to the total initial mass of the binary.
In the case of the power-law distribution, we used
p(m) ∝ m−2.3 corresponding to the initial Kroupa mass
function [5, 34–36]. In this scenario, we restrict the mass
interval to M ∈ [8; 48]M. This restriction is necessary
since the applicability of NRSur7dq4Remnant has only
been validated up to 1 ≤ q ≤ 6.
In Fig. 2 we show convergence to the attractive fixed-
point distribution, starting from the Kroupa initial mass
distribution and uniform in spin on the interval χ ∼
U [0.0; 0.8]. Solid contours contain 30%, 68%, and 95% of
the probability mass, overplotted with dashed contours
from the last generation. We can see that it takes five
or six generations to converge. Now we would like to
quantify the convergence. It is possible to test for con-
sistency of these bivariate sampled distributions using a
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FIG. 6. Evolution of mass distribution, with a log-normal
initial condition. Each generation’s shape is consistent with
log-normal. The evolution from an initial Gaussian is similar.
two-dimensional Kolmogorov-Smirnov (KS) test, but it is
more ad hoc than the more standard one-dimensional KS
test. Therefore we will marginalize our distributions and
use the standard one-dimensional KS test [30].
In Fig. 3, we show the evolution of the marginalized
mass and spin magnitude distributions, from the same
initial conditions. In the left panel, we see the mass dis-
tribution shifts to the right as black hole masses increase
through mergers. Although the standard deviation of the
mass distribution grows, the ratio between the largest and
the smallest mass in the population tends to decrease. In
the right panel, it is hard to distinguish between the prob-
ability densities p(χ) from the third generation onwards,
evidence supporting the convergence to a fixed-point dis-
tribution. That the spin magnitude distribution peaks
around χ ≈ 0.7 has been observed before [35], going all
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FIG. 7. Two-sample Kolmogorov-Smirnov p-values comparing each generation’s CDFs of relative mass ratio (blue) and spin
magnitude (red) to those from the last generation. Each blue rectangle contains the points with pKS < 1%, i.e. those inconsistent
with arising from the fixed point distribution. Left: Initial conditions are a Gaussian in mass. The blue rectangle shows that it
only takes two generations to converge to a fixed-point distribution. Right: Initial conditions are a Kroupa power-law in mass.
The blue rectangle shows that it takes at least five or six generations to converge to the same fixed-point distribution.
the way back to the first successful BBH merger simula-
tions [37]. This is essentially a conversion of the orbital
angular momentum of the two black holes, at the time of
plunge, to the spin angular momentum of the remnant.
Convergence is more easily seen and can be tested
robustly using cumulative distribution functions (CDFs).
In Fig. 4, we depict in the left panel the evolution of
the first six generations of the µrel CDF. It immediately
follows that the fraction of energy emitted also converges
to a fixed-point distribution. We show the spin magnitude
CDF in the right panel.
The distribution of the total BH mass tends to get
narrower (in log space) as the number of generations in-
creases, as it loses its memory of the initial distribution.
Most changes in the shape of the mass and spin distri-
butions can be quantified more precisely by measuring
moments, as reported in Appendix A.
We perform the two-sample, one-dimensional KS
test [30], as implemented in scipy.stats.ks_2samp [38],
to support the convergence to fixed-point distributions
shown in Fig. 4. To do so, we compute the pKS values
from the CDF of spin and the CDF of relative mass ratio.
In the KS test, the null hypothesis is that two sampled
CDFs arise from the same underlying continuum distri-
bution. Large p values fail to reject the null hypothesis,
establishing that two distributions are consistent with
arising from a single fixed-point distribution.
We use the KS test to compare the CDF in generation i
against the last (19th) generation. We plot the results in
Fig. 7, using the simulations initialized with a Gaussian
mass distribution in the left panel. There is a single point
rejecting the null hypothesis with a pKS < 1%, visible in
the small blue rectangle in the bottom-left corner of the
left panel. We only need one or two iterations for the
distributions to become consistent with the fixed-point.
In the right panel of Fig. 7, we use the Kroupa power-
law distribution as an initial configuration (individual
PDFs and CDFs were in Figs. 3 and 4). Here we see the
first five generation in the small rectangle in the lower-left
corner, having pKS  1% and thus rejecting the null
hypothesis (i.e. they are inconsistent with the fixed-point
distribution). Convergence is essentially equivalent if
using another late generation (excluding those in the blue
rectangles in Fig. 7) as a representative of the fixed-point
distribution instead of the 19th generation.
All three choices of initial mass distributions (Gaussian,
log-normal, and Kroupa) converge to the same fixed point,
as seen in Fig. 5. Similarly, other initial choices of p(χ)
converge to the same fixed point distribution. The only
difference, as seen in Fig. 7, is how many generations it
takes to converge. As seen in the left panel of Fig. 3, the
mass distribution approaches a centrally-peaked distri-
bution. Therefore the initial Gaussian and log-normal
converge more quickly than the Kroupa power law.
Starting with a log-normal distribution shows an inter-
esting feature, which can be seen in Fig. 6. Each genera-
tion is close to being log-normally distributed. That is,
merging log-normally distributed masses generates rem-
nants with masses that are also drawn from a (different)
log-normal distribution.
IV. THERMODYNAMICS OF DISTRIBUTIONS
Now we turn to the entropy production and thermal
properties (or lack thereof) of these distributions, using
the same setup as described in Sec. II. We are interested
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FIG. 8. Left: Evolution of an isothermal collection of black holes. Right: Evolution of an isentropic collection of black holes.
All the elements in the initial configuration belong to a constant temperature/entropy curve. In later generations, irreversible
non-linear dynamics dilutes the thermal properties of the configurations, no longer on isothermal/isentropic curves, and they
approach the fixed point distribution.
in the fundamental Bekenstein-Hawking properties [6, 31],
rather than e.g. the kinetic temperature due to motion
in a cluster or galaxy. Thus we use the formulas for the
Kerr black hole,
TBH
TH,
= M4piM
√
1− χ2
1 +
√
1− χ2 , (2)
SBH
SH,
= piM
2
M2
(
1 + χ2 +
√
1− χ2
)
, (3)
which are in terms of the Bekenstein-Hawking temper-
ature and entropy scaled by the quantities TH, ≡
~c3/2GkBM and SH, ≡ 4GM2/~c.
With these thermodynamic relations, we can sample
black holes from various underlying distributions. Bianchi
et al. [11] considered sampling from a microcanonical en-
semble, though early-universe fluctuations would arguably
draw (M,χ) from a canonical ensemble (i.e. at fixed tem-
perature) instead. This is possible, but the induced dis-
tribution on mass ratio has substantial weight outside of
the range 1 ≤ q ≤ 6 that we need to apply the surrogate.
We leave this for future work. Instead, we fix the same
uniform spin distribution as before, and use Eqs. (2) and
(3) as constraints for sampling at fixed temperature or
entropy. With this approach, all of our initial configu-
rations satisfy the mass-ratio constraint. We emphasize
that none of our results change qualitatively if we select
other ways to distribute spin magnitude.
In Fig. 8, we show the evolution of the isother-
mal/isentropic states by plotting all the distributions in a
mass/spin phase diagram, analogous to a pressure/volume
diagram in ideal gas thermodynamics. In the left panel,
we show the evolution of an initially isothermal config-
uration built from a uniformly distributed set of spin
magnitudes. Isothermal states immediately evolve into
non-thermal distributions, which do not follow constant
temperature curves. In agreement with Eqs. (2) and (3),
the temperature decreases as every black hole in the pop-
ulation becomes more massive. The same departure from
thermality occurs with an initially isentropic state de-
picted in the right panel of this figure. Similarly entropy
increases, since the remnants have increased area relative
to the initial BHs. Departure from thermality is due
to the highly non-linear dynamics of the merger process.
A merger is irreversible, due to the area increase theo-
rem, so entropy is generated. Furthermore a merger is
not quasistatic, so horizon temperature need not even be
well-defined throughout.
We can compute the entropy production simply via
∆S = Sfin − Sini. Notice that the dimensionless entropy
73 6 9 12 15 18
Generations
1.20
1.25
1.30
1.35
M
2 ¯
pi
S
H
,¯
〈 ∆S M2 in
i〉
Isentropic
Isothermal
Gaussian
Power-law
FIG. 9. Evolution of the entropy production rate per merger
for different choices of initial distributions. This quantity
converges more slowly when the initial mass distribution is
the Kroupa power law.
production depends on mass ratio as
∆S
M2ini
∼ q(1 + q)2 , (4)
where we ignored spin factors of order 1 and dimensionful
constants like kB . This shows that the entropy production
peaks around q ∼ 1 and is suppressed at extreme mass
ratios. Therefore, our use of the surrogate model (with
mass-ratio restricted to 1 ≤ q ≤ 6) does not degrade our
calculation of entropy production.
We show the evolution of the entropy production rate
per merger in Fig. 9, for different choices of the initial mass
distributions. It is interesting to observe that the growth
is slower when we use the Kroupa power-law distribution.
This distribution takes up to five or six generations to
converge, about the same number of generations as seen
in Sec. III for convergence to the fixed-point distributions
p(µrel, χ). For each initial condition, we see that the en-
tropy production grows until it reaches an approximately
constant value. The isothermal, isentropic, log-normal,
and Gaussian initial conditions all behave similarly. In
all the cases we studied, once the system has converged
to a fixed value for the entropy production, it seems to
have lost any memory of the initial conditions.
V. DISCUSSION
In this paper, we conducted a gedankenexperiment to
study the evolution of black hole distributions, due only to
the intrinsic non-linear dynamics of binary mergers. Our
main finding is the existence of an attractive fixed-point
distribution in the space of spin magnitude χ and relative
mass ratio µrel (or fraction of mass retained). We used the
surrogate routines in NRSur7dq4Remnant to compute the
remnant mass and spin of each merger in the population
after every iteration/generation. Although we used stellar-
mass scale black holes as examples in this work, the
thought experiment itself is scale-free: it can extend up to
supermassive black holes or down to primordial ones. Our
interest is in the underlying fixed-point distribution due
to merger dynamics, so we did not attempt to capture
real astrophysical effects like unbinding from a cluster or
galactic halo.
All initial distributions we studied (Gaussian, log-
normal, Kroupa, isothermal, isentropic) converged to the
same fixed point distribution. The only difference was the
number of generations needed for convergence. We quan-
tified this convergence with the two-sample Kolmogorov-
Smirnov test.
We studied the (lack of) thermality of the fixed-point
distribution, from the point of view of black hole thermo-
dynamics. Starting with states of constant Bekenstein-
Hawking temperature or entropy, after only one genera-
tion the resulting distribution is neither isothermal nor
isentropic. This is a result of the non-linear merger dynam-
ics being neither quasi-static nor reversible: a merger is
not a thermal process. We computed the average entropy
production per merger in these distributions – which, as
an aside, are likely the largest sources of entropy in the
universe. We found that the average entropy production
per merger (in units of the initial mass squared) converged
to a constant, again independent of initial conditions.
There are several possibilities present for future stud-
ies extending this work. First, we assumed that each
black hole is drawn independently, rather than the more
sophisticated possibility of selective pairing. Selective
pairing might lead to a different fixed-point. Second, in
constructing our isothermal states, we did not sample
from a canonical ensemble, which would be the natural
approach. This was due to the surrogate’s mass-ratio
limitation 1 ≤ q ≤ 6. An improved surrogate would make
it possible to test the canonical ensemble. Third, in all
of our simulations, we assigned initial conditions at the
surrogate’s reference time. These can be connected to
initial conditions at infinite separation using the recent
work of [39], though we expect the fixed point to remain
the same with this change of initial conditions. Finally,
Ref. [40] presents a different approach to compute the
evolution of mass distributions, following a coagulation
equation. This procedure provides an alternative way to
corroborate our results.
ACKNOWLEDGMENTS
We would like to thank Emanuele Berti, Eugenio
Bianchi, Luca Bombelli, Andrei Frolov, Davide Gerosa,
Anuradha Gupta, Vijay Varma, and Alex Zucca for their
comments and suggestions on a previous draft of this
paper.
82 4 6 8 10 12 14 16 18
Generations
10−2
10−1
m
1/2
2 /m¯
|m1/33 |/m¯
m
1/4
4 /m¯
|m1/55 |/m¯
2 4 6 8 10 12 14 16 18
Generations
10−1
2× 10−1
s
1/2
2 /s¯
|s1/33 |/s¯
s
1/4
4 /s¯
|s1/55 |/s¯
FIG. 10. Central mass (left) and spin (right) moments, made dimensionless in units of mean mass and spin, as a function of
generation. The mass moments all seem to decrease until the twelfth generation, where the moments become constant. The spin
moments converge more quickly.
Appendix A: Evolution of moments of distributions
Another way to quantify the convergence of these dis-
tributions is to evaluate various central moments. With
the average mass as m¯ = 〈m〉, we define the kth central
mass moment as mk ≡ 〈(m− m¯)k〉, and similarly for spin.
These quantities moments carry dimensions of mass (or
spin) to the power k, so they can be made dimensionless
by computing |mk|1/k/m¯ (and likewise for spin). We plot
these dimensionless central moments in Fig. 10, as a func-
tion of generation, using the Kroupa power law as the
initial condition on mass. In the left panel, note that all of
the moments decrease until a large number of generations.
In particular, the ratio of the variance with the mean
mass, m2/m¯, is consistent with narrowing of the marginal
mass distribution visible in Figs. 3 and 6. After twelve
generations of mergers, the shape of the mass distribution
is approximately constant. The number of generations
needed to observe the approximate invariance of the mass
distribution shape reduces if we choose (log-)normal or
thermal initial conditions. The scaled central moments of
the marginal spin distribution appear in the right panel,
and also converge after five generation, as seen previously.
In both panels, skewness (m3 and s3) is not dominant,
though, not all odd moments are negligible.
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